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Elastic Buckling Loads of Fixed Frames By The Newmark Method
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ABSTRACT: A numerical method for the solution of the elastic stability of fixed frames is presented. The
Newmark iterative procedure to perform elastic buckling analyses for isolated columns is extended for use in
computing buckling loads and buckling modes in frames with fixed columns. The method is illustrated in details
by means of different cases of single-storey portal frames commonly used in commercial buildings. Compari-
sons of obtained results with other well known methods show very good agreement.
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1 INTRODUCTION

The elastic critical load of a bar with uniform or
non-uniform cross section can be calculated by a
numerical method of double integration (Newmark
1943). Instead of assuming the deflection y as some
function of x, the beam is divided into segments and
a numerical value of deflection is assumed at each
division point along the beam. The subsequent cal-
culations are made, determining ordinates to the
M/EI diagram (M is the moment, E is the elastic
modulus of the material and I is the area moment of
inertia), and new values of deflections at each site.
If these are equal to the assumed deflections at every
division point, then the required critical load P and
the buckling mode are determined. If they are not
equal, the new set of deflections is assumed and the
calculations are repeated. This procedure is suc-
cessful because the results of each cycle yield better
deflections and the procedure converges to the exact
buckling mode after a few numbers of cycles of it-
eration.

The technique of Newmark’s numerical method
(Newmark 1943), applied to columns, has been ex-
tended for use in computing buckling loads and
buckling modes of hinged frames (Badir 2011). In
this paper, Newmark’s method is further extended
for the case of frames with fixed columns. The anal-
ysis and results are reported herein with detailed
calculations in order to illustrate the method for two
cases; namely, (1) rigidly jointed elastic portal
frames with fixed columns without sway, as in sym-
metrical modes or when translation of the joints is
prevented for, and (2) rigidly jointed elastic frames
with fixed columns, with sway as in anti-symmet-
rical modes.

The philosophy of the method described herein can
be summarized as follows: the buckling load of the
structure is the load just enough to maintain it in an

assumed buckling configuration. The method in-
volves cycles of iteration in which a new configura-
tion better than the assumed one is obtained at the
end of each cycle. The calculations can be repeated
until the required degree of accuracy is obtained. In
most cases, accurate results are obtained after only
few cycles.

2 SYMMETRICAL MODE OF BUCKLING OF
FIXED FRAMES

Consider the fixed frame shown in Fig. 1, the end
forces and rotations of each member are separately
shown in Fig. 2. The column AB is subjected to
three forces at B, namely: vertical force P, end cou-
ple X1, and horizontal force X». The end rotations ¢
at B or C can be easily determined from the hori-
zontal beam BC: ¢ = (Lo/2Ely) X1, neglecting the ef-
fect of axial force X.

Our goal is to determine P, X1, and X2 which are just
enough to maintain the structure in its assumed
buckling shape (ya) and satisfy the end conditions at
B, namely:

1. Rotation ¢ at B of both column BA and beam BC
is equal to (Lo/2Elp) Xi.
2. Horizontal displacement at B equal zero.
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Figure 1 Symmetrical Fixed Frame
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Figure 2 Symmetrical fixed frame: end forces and
rotations

Figure 3(a) shows the column AB and the end forces
at B, the column under these forces can be regarded
as the superposition of Fig. 3(b), Fig. 3(c) multiplied
by X1, and Fig. 3(d) multiplied by X>. Hence

L
Op + X10x, =1 + Xo@y,=1 = —-X; (1)
Yp + XYy =1+ X2Yx,=1=0 )

Figure 4 shows the calculations of the last cycle of
the frame shown in Fig. 1. Line 1 in Fig. 4 repre-
sents the assumed set of deflections obtained from
the previous cycle where the fixed column AB is di-
vided into seven sections (6 segments), each seg-
ment of length equal to A. The assumed set of de-
flection ya of the first cycle, not shown in Figure 4,
represents a sine curve of amplitude 1000 at the
middle of the column. The final result does not de-
pend on the starting assumed function, the method
converges to the correct buckling mode after a few
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number of cycles. Normal calculations (Newmark
1943) are recorded from line 2 to line 18 as follows

Line 2 corresponding values of angle changes a
(e = M/EIc) commonly known as the elastic load. A
common factor is shown at the end of each line, for
line 2 the common factor is P/Elc

Line 3 equivalent concentrated elastic load & act-
ing on each section. The values of theses concentra-
tions are computed with sufficient accuracy from
the formulae given in the work of Newmark (1943).

Lines 4 and 5 The shearing forces and bending
moments in the conjugate beam are calculated from
the concentrated loads & (in line 3). They represent
the average slopes ¢, and the deflections yp, respec-
tively.

Line 6 the slope at B, due to the axial load P is

thus found to be ¢p = (3368 + 104)PA/El; = 3472
PA/EI.
The fixed ended column AB is then subjected to a
unit couple, X7 =1, at its end B. Normal calcula-
tions are shown from line 7 to 9. In line 10 are given
the values of average slope gay in the different seg-
ments. In line 11 the deflections are obtained start-
ing with zero value at the fixed end. The resulting
deflection at B has a value of -18 A%/El..

Line 12 slope at B due to a unit couple, ¢y, - is
equal to (-5.5 - 0.5)A/Elc = -6 M/El

Lines 13 through 18 corresponds to the case of
Fig. 3(d).

The following variables of Egs. (1) and (2) are de-
termined:

@ = 3472 PA/EIc (from line 6),

yp = 9157 PA%/Elc (from line 5),

Py =1 =—6.04/ El¢ (from line 12),

Vx,_, = —18.04*/EI, (from line 11),
Px,=1=—18. 042/ El¢ (from line 18), and
Yx, <1 =~72.04% | El (from line 17).

By solving these equations for a stiffness ratio Kc/Ky
= 1, where K¢ = El¢/Lc, K» = Elp/Lb, and noticing
that Lc = 64, we get X1 = +262.83 P and X, = 61.472
P/

Line 19 same as line 5

Line 20 line 11 multiplied by X1

Line 21 line 17 multiplied by X

Line 22 superposition of the three previous lines

Line 23 line 1 divided by line 22 giving the ratio
yaly at every division point which appears to be al-
most the same.

The critical load calculated from the better ratio
2yal2y is 0.70186 Elc/PA? for the case of stiffness
ratio K_ /K, =1, giving a critical load with a value
of 25.267 EI / ch, which is the same as the value of
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25.266 Elc / L% given by Horne and Merchant
(1965). The assumed buckling mode of a next cycle,
see last line of Fig. 4, is almost identical to the pre-
vious one. One may notice that line 7 to line 18 are

. Xy * B B
4 T8, , 4 i 4 4
E| E| q g, =1 q Pyt
B A E
]
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unaltered, hence they are only calculated in the first
cycle.
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{a) Forees and Deformation of Column AE (c) Deflaction Due m X = 1 (d) Deflection Dueto X,= 1

{b) Deflection Dusto ]'-‘Ip: Py

Figure 3 Symmetrical fixed frame: superposition, Fig. 16(a) = Fig. 16 (b) +X; Fig. 16 (c) + X1 Fig. 16 (d)
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| L. = 64 L
A A
1- 3 o -200 -640 -1000 -330 -580 0
-0 200 640 1000 290 580 0 F/Elc
3- i@ 23 220 633 269 952 566 104  FA/Ele
4 @ 23 243 276 1845 2802 2368 FA/Elc
5- ¥p ] 23 266 1142 2987 5785 2157 FAY/EIc
6- @, 3472  FAL/Ele
:fj* ) L=1
M 1 1 1 1 1 1 1
8 a 1 1 -1 -1 -1 -1 -1 1/Ele
- & -0.5 1 -1 -1 -1 -1 -0.5 A/Ele
10- gav 0.5 1.5 -2.5 -35 -45 -55 A Ele
11- ¥, _ 0 -0.5 -2.0 -4.5 -8.0 -12.5 -18 A*/Elc
12- @, _ -6 AfEle
ol r—
=1
o T z
13- M 6 5 4 3 p 1 0 A
14- @ 4 5 -4 -3 -2 -1 0 A Ele
15- i@ -2.83 > -4 -3 -z -1 -016  A*/Ele
16- gav -2.83 -7.83 -11.83 -14.83 -16.83 -17.83 12 /EIc
17- ¥, _ 0 -2.83 -10.66 -ZZ5 -37.33 -54.16 -72 A3 fEle
18- @ -8 A fEle
15- p o 23 266 1142 2987 5785 2157  PAYEIc
20- Xy ¥y, o 0 -131.42 -525.66 -1182.74 -2102.64 -3285.32 -4731  PA%/Elc
21- Xy Vg, _ 0 -174.17 -655.70 -1383.13 -2294.96 -3329.75 -4426 FA%[Elc
22y o -282.59 -91536 -1423.87 -1410.60 -826.13 0 FAY/EIc
23- 1 fy 0.7077 06992 07023 07018 07021 Elc/PA?

Eetter Ratio = (3410/4858.55) Elc/P)A? = 0.70186 Elc/PAZ

Critical Load Per = 0.70186 ¥ 36 Elc/L% = 25.267 Elc /L3¢

Assumed Buckling Mode of Next Cycle :

X 0 -1000 -930 -580

Figure 4 Calculation of critical load Pcr for symmetrical fixed frame (last cycle)
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3 ANTISYMMETRICAL MODE OF
BUCKLING OF FIXED FRAMES

Consider the single-bay fixed frame shown in Fig. 5
with antisymmetrical mode of buckling.

L

| by |

Figure 5 Antisymmetrical fixed frame

The end forces and rotations for each member are
separately shown in Fig. 6.
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Figure 6 Antisymmetric fixed frame: end forces
and rotations

The column AB is subjected to only two forces at
B, namely: vertical force P and a couple Xi:. The
end rotation ¢ at B or C is equal to (Lo/6Ely) Xi.
Figure 7 shows the column AB with an arbitrary
sidesway of 4 = 1000 units at B. The columns can
be regarded to as the superposition of Fig. 7(b) and
Fig. 7(c) multiplied by X1. Hence

P =0p+ X105 =1 =%X1 ©)
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y=Yp+X1¥q-1 (4)

Where ¢, and yp are the rotation and deflection
at B due to the axial force P, ¢, , and y, , are the
rotation and deflection at B due to unit couple acting
at B. From Eq. (3) X1 is determined and then y is
calculated from Eq. (4). Figure 8 shows complete
calculations of the last cycle, in which column AB
is assumed to buckle in the shape reached at this cy-
cle. The assumed set of deflection ya of the first cy-
cle, not shown in Fig. 8, represents a straight line
varying from a value of zero at A to a value of 1000
at B. However, the final result does not depend on
the starting deflection assumption. The better ratio
XyalZy is 0.20518El_/PA* for the case of stiffness
ratio K, /K, =1, giving a critical load with a value
of 7.386EIl_/L2. The same problem was solved by
Horne and Merchant (1965) and a value of
7.378EI_ /L2 was obtained.

4 CONCLUSIONS

The Newmark’s double integration procedure is ex-
tended for use in computing critical loads and buck-
ling modes of rigidly jointed frames with fixed col-
umns. Results obtained show very good agreement
with well-known methods. The elastic line of the
mode of buckling is determined as a major part of
the solution, which gives a clear insight of the be-
havior of the structure. The method presented here
can be used to study buckling of frames with vary-
ing cross sections.

5 REFERENCES

Badir, Ashraf, (2011). “Elastic Buckling Loads
of Hinged Frames by the Newmark Method,” Inter-
nationa Journal of Applied Science and Technol-
ogy, Vol. 1 No 3.

Horne, M. R., and Merchant, W., (1965). “The
stability of frames,” Pergamon, Oxford.

Newmark, N. M., (1943). “Numerical procedure
for computing deflections, moments, and buckling
loads,” Trans. ASCE, vol. 108, Paper No. 2202, pp.
1161-1188.



eJSE

International Electronic Journal of Structural Engineering 20(1) 2020

Py=1

a \‘1;\/—_5 = 1000 j ¥p ﬁ
a Xi=1000 P a N a
o

{a) Forces and Deformation of Column AE (b)) Deflaction Due to Mp

() Deflaction Due to Xy = 1

Figure 7 Antisymmetrical fixed frame: superposition, Fig. 20(a) = Fig. 20 (b) + X1 Fig. 20 (c)
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A A
\B
-—F

1- ¥y 0 5279 20059 413.37 64818 857.78 1000

Z- M -1000 -947.21 -7959.41 -586.63 -35L.82 -142.22 o P/Elc

3-uw 1000 94721 79941 586.63 35182 14222 o PA/Elc

4- & 459.16 939.29 79400 38479 35392 147.84 2090 FA/Elc

5+ Pav 485.16 143445 222845 2813.24 316716 3315 P)/Elc

& ) 0 495,16 192661 415806 697131 1013847 13433 PA*/Ele

7- @5 33359 PLfElc

B
A4 ) X;= 1

g-M 1 1 1 1 1 1 1

- a -1 -1 -1 -1 -1 -1 -1 1/Elc
10- & -0.5 -1 -1 -1 -1 -1 -0.5  AJEle
11- gav -0.5 1.5 2.5 -3.5 4.5 -5.5 AfEle
12- Yy, =1 o -0.5 -2.0 -45 -8.0 -125 -1  AEle
13- Py, = 6 AElk

From Equation (3). X;=476.557P when K /K= 1.0
14-Xy My =y 0 -238.28 -953.11 -214451 -381246 -5956.96 -B578.03 PAElc
22- ¥ 0 25648 97650 201355 215885 4181.51 4875.44 PAYEL
23- Yyt ¥ 0.20551 0.20541 0.20529 0.20519 020514 0.20511 ElefPA*
Better Ratio = (3172.71/15462.73) Elc /PA* = 0.20518 Elc/PA?
Critical Load B., = (0.20518 x 36) Elc/L*c = 7.386 Elc/L’c
Assumed Buckling Mode of Next Cycle :
¥ 0 5269 20029 413.0 54791 85767 1000

Figure 8 Calculation of critical load Pcr for antisymmetrical fixed frame (last cycle)
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