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ABSTRACT: Design of laterally unsupported steel I-section beams according to Allowable Stress Design
(ASD) and Load and Resistance Factor Design (LRFD) techniques involves usage of multiple equations. Ac-
cording to most codes of practice, three distinct zones are established for the behaviour of laterally unsupport-
ed steel beams. Each of these zones is defined by a different design equation. In this paper, a single equation
which defines the moment resistance is suggested for the three zones defining the behaviour of laterally un-
supported steel beams. Results of the proposed equations are compared to those obtained using the design
provisions of the Egyptian, Canadian and American codes of practice (ECP-LRFD 2008, CAN/CSA S16-09
2009 and AISC 2010, respectively). The proposed equation is also verified against results obtained from non-

linear numerical analysis based on the finite element technique for steel I-beams.

1 INTRODUCTION

Local buckling and lateral-torsional buckling signif-
icantly affect the behaviour of steel I-section beams
subject to flexure. The beam’s flexure resistance is
governed by a combination of local and lateral-
torsional buckling resistances which lead to different
failure modes. As such, design of steel I-section
beams require the use of multiple equations that are
controlled by local and lateral-torsional buckling be-
haviour as well as steel yielding. For these beams,
the moment resistance depends on the cross-section
compactness, the laterally unsupported length of the
beam, the geometric properties of the cross-section
and the vyield strength of the steel. According to
most codes of practice, three distinct zones are spec-
ified for behaviour of steel beams: elastic, elasto-
plastic and fully plastic behaviour. Each of these
zone has an equation for defining moment resistance
of the beam.

Previous investigations to simplify the design
procedures were performed by Sayed-Ahmed (2004)
and. The possibility of adopting a simplified equa-
tion to calculate the moment resistance of steel I-
section beams following CAN/CSA S16 and AISC
provisions was investigated (Sayed-Ahmed and
Loov 2005). Sayed-Ahmed (2004) also proposed an
alternative simple design equation for the allowable
bending stress of laterally unsupported steel I-
section beams following the ECP-ASD (2001).
However, both investigations were limited to built-
up I-beams with a very small range of application.

Here, a single equation is proposed for calculat-
ing the moment resistance of steel I-section beams
considering an extended range of application. The
equation covers the design procedures according to
the LRFD provision of the Egyptian, Canadian and
American codes of practice (ECP-LRFD 2008,
CAN/CSA S16-09 2009 and AISC 2010). These
codes have been selected since they are the com-
mon codes of practice adopted in design of steel
structures in the Middle East region. The proposed
equation would cover all the three mentioned dis-
tinct zones defining the behaviour of steel beams. It
also includes all the parameters considered by the
codes of practice for beam's design. Results ob-
tained via the proposed equations have been com-
pared to those obtained by adopting the AISC
(2010), CAN/CSA S16-09 (2009), and ECP-LRFD
(2008). The equation is verified for both simply
supported and cantilevers beams with different mo-
ment gradients that deem to be representative for
most loading cases. Then, a nonlinear numerical
model for steel I-beams is developed, verified and
adopted in confirming the applicability of the pro-
posed equation.

2 PROPOSED DESIGN EQUATION

2.1 Equation Proposed by Sayed-Ahmed and Loov
(2005)

Sayed-Ahmed and Loov (2005) proposed a simpli-
fied equation to calculate the moment resistance of
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steel I-section beams and compared its results to
those of CAN/CSA S16 and AISC provisions. The
equation takes the following form:

1
n

M n
M, = M[l{M—J } )

Mr :¢'Mn

where M, is the beam’s nominal flexural strength,
M; is the beam’s moment resistance, ¢ is the flexural
resistance factor defined by codes of practice, and
M. is the critical moment initiating lateral buckling.

For CAN/CSA S16-09, M is a moment which is
taken equal to M, for Class 1 and Class 2 sections or
My for Class 3 sections:

M, =S,-F,

)
M,=ZF,
where Sy and Z are the elastic and plastic section
moduli about the major axis of inertia, respectively.
Fy is the yield strength of the steel. The section
compactness (Section’s Class) is defined via the
flange outstand-to-thickness and the web height-to-
thickness ratios. For I-sections’ beams

b
Class1: -t <145 g Ny (1100
2 JF, G R
b
Class 2: i <170 ¢ h, 1700 (3)
ty r Ly
Class 3. bf. 200 . h, 1900
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where Fy is the yield stress of the steel in MPa unit,
by and tq (Figure 1) are the width and thickness of
the flange, respectively. h,, and t,, are the height and
thickness of the web, respectively.

| b |

Web

7\

Figure 1. Typical notation for the cross-section of the steel I-
beam adopted in the current investigation.

For AISC (2010) and ECP-LRFD (2008), M de-
fined in Equation 1, is taken as
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where M, and My are the plastic and yield moments,
respectively and 1 is the greater of the flange out-
stand-to-thickness ratio or the web height-to-
thickness ratio. If both the flange and the web slen-
derness ratios are less than ,, the moment resistance
should be based on M,. It is worth mentioning that
the AISC specifications consider the effect of the re-
sidual stresses on the yield moment via the follow-
ing equation:
My_sx'(Fy Fr) (5)
where F; is the residual stress (69 MPa for hot-rolled
sections and 114 MPa for built-up sections).

According to the AISC, the beam’s cross-section
compactness is defined by

Compact :

b
D0cp =038 E ey —376 |E
2tﬂ Fy tW Fy

Non —compact :
b
1 <1 =1.00 E &h—ws/1r _570 | £
2ty F, t, F,
where E is the elastic modulus of the steel. The
ECP-LRDF (2008) follows the same limits of Equa-
tion 6 in defining the section compactness.
The critical moment initiating lateral buckling is

defined by

(6)

V4 7E
Mcr:Cb'Mocr:Cb'E\/El G‘]+( j yCW (7)

where, M, is the critical moment, L is the laterally
unsupported length of the compression flange, E is
the Young’s modulus, |y is the cross section moment
of inertia about the weak axis, G is the shear modu-
lus, J is the torsional constant and C,, is the warping
constant. The ECP-LRFD (2008) introduces the fol-
lowing equation for the critical moment to

2 2
M, =S, -\/[1380 A"] +( 20702] ©)
d-L (L/r)
where L is the beam’s span, d is the overall depth of
the cross-section of the I-beam, and Ay is the area of
the compression flange and 1/3 the compressive part
of the web and r; is the radius of gyration of this area
(An) about the section’s minor axis of inertia.

CAN/CSA S16-09 defines the equivalent moment
factor Cy, by
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I\/lB MB

where M and Mg are the two end moments with Ma
being the smaller one. The ratio Ma/Mg is positive
for beams bent in double curvature and negative for
beams bent in single curvature. CAN/CSA S16-09
adopts Equation 9 with an upper limit of 2.5 and us-
es Cp of 1.0 when bending moment between the end
supports is greater than the end moments. On the
other hand, AISC defines a general equation for C,
which is given by

125-M

C, = (10)
3M,+4-M,+3-M,+25-M_,

where M1, M, M3 are the absolute values of the
bending moments at the quarter, mid, and three
quarter-points of the beam, respectively. Mpmax. IS the
maximum moment acting on the beam.

Sayed-Ahmed and Loov (2005) investigation had
a limited range of application: their study was veri-
fied against only three built-up I-beams. Further-
more, it only considered simply supported beams
subjected to two equal and opposite moments. Thus,
no consideration was given to various loading or end
conditions and/or to the effect of moment gradient
along the beam’s length.

Mustafa (2011) further tested the applicability of
the equation and recalibrated its parameter to
CAN/CSA S16-09 (2009), AISC (2010) and ECP-
LRFD (2008). The equation was further enhanced
by including the effect of moment gradient.

2.2 Application of the Proposed Equation to I-
Beams Subjected to Constant Moment

In order to adjust the exponent n of Equation 1
and recalibrate the equation, moment resistance of a
wide range of hot-rolled I-section beams is consid-
ered in a comparative analysis (Mustafa 2011). The
analysis is first based on calculating the nominal
moments of simply supported beams composed of I-
sections (IPE, HEB, SIB, built-up, mono-symmetric
sections) and subjected to two equal and opposite
moments (Cp = 1.0). The results of this analysis are
compared to the moments calculated via the proce-
dures adopted by AISC (2010), CAN/CSA S16-09
(2009) and ECP-LRDF (2008). Two common steel
grades adopted in Egypt and Europe are considered
in the analysis; these are S235 and S355 (ST37 and
ST52) with vyield strengths of 240 MPa and 360
MPa, respectively.

As such, the exponent n of Equation 1 is calibrat-
ed to 2.8 for the AISC provisions and 4.0 for both
CAN/CSA S16-09 and ECP-LRFD provisions. For
the majority of sections, these values of n approxi-
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mately equalize the maximum and minimum differ-
ences between the proposed equation results and the
codes’ prediction for moment resistance of I-beams.

Samples of the analysis outcomes and the per-
centages of difference between nominal moment
prediction of AISC (2010), CAN/CSA S16-09
(2009), and the ECP-LRFD (2008) and that of the
proposed equation are shown in Figures 2, 3 and 4.

The figures include only beams with IPE sections
as an indicative for the analysis. A wider compara-
tive investigation for beams with other hot rolled
and built-up sections is presented elsewhere (Musta-
fa 2011). However, the same behaviour was record-
ed for all the analysed cross sections.

Figures 2 to 4 indicate a good agreement of the
proposed equation results with those obtained via the
considered codes of practice provisions.

2.3 Moment Gradient

To this point, the proposed equation is calibrated
against simply supported beams subjected to two
equal and opposite moments (i.e. C, = 1.0). A major
challenge was to account for different loading (mo-
ment gradient) and boundary conditions.

In order to account for the said moment gradient,
Mustafa (2011) related the exponent n of the pro-
posed design equation to the equivalent moment fac-
tor Cp. Thus, the proposed equation is revised to

1
nC, |nc,
M b
M, = M[l{—MJ } (11)

M, =¢-M,

where the exponent n in Equation 11 is 4.0 as adopt-
ed in the above mentioned investigation and Cy, is
the equivalent moment factor estimated using Equa-
tion 10. A wide range of hot-rolled (IPE, SIB and
HEB) and built-up section beams have been consid-
ered in the verification analysis of Equation 11 with
both the steel grades mentioned earlier. Cantilever
beams subjected to uniformly distributed loads and
tip concentrated loads were analysed. Using Equa-
tion 10, the equivalent moment factors Cy for the
considered two loading cases were calculated to be
2.3 and 1.67, respectively (Mustafa 2011).

Nominal moment obtained using the proposed
equation is compared to the moment predicted via
the ECP-LRFD (2008) provisions. Samples of the
investigation outcomes are shown in Figure 5 and 6.
Once again, only beams with IPE and ST52 are
shown here; the rest of the comparative study is pre-
sented elsewhere (Mustafa 2011). The same behav-
iour was recorded for all the analysed cross sections.
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The investigation reveals that the deviation be-
tween the codes prediction and the proposed design
equation is less than 8%. It is also evident from the
analysis that this difference is consistently located at
the elasto-plastic zone of the beams’ behaviour.
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Figure 2. Nominal moment of simply supported I-beams sub-
jected to constant moment according to AISC (2010) and the
proposed equation.
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3 NUMERICAL ANALYSIS AND PROPOSED
EQUATION VERIFICATION

3.1 Description of the Numerical Model

Nonlinear numerical analysis based on the finite el-
ement method is adopted to further verify the behav-
iour of the equation proposed for the design of I-
beams. A 3-D finite element model has been built
for the analysis of I-beams. The element adopted in
the numerical analysis is a 4-node quadrilateral thick
shell element with membrane and bending capabili-
ties.

The element is assumed to be isotropic with a
constant thickness. It has six degrees of freedom per
node. Geometric and material nonlinearities have
been included in element formulation and analysis.

Arc length solution technique with modified
Newton-Raphson incremental procedures is adopted
in the nonlinear analysis.

The beam’s model is provided with two thick end
plates where one node in the middle of each end
plate is restrained. The middle node at one end plate
is restrained from translation in the three directions
in addition to rotation about the X-axis, while the
middle node at the other end plate is restrained from
movement in the Y- and Z-directions and rotation
about the X-axis. Typical notations for cross-section
components of the studied I-section steel beams are
similar to those shown in Figure 1. On the other
hand, a typical finite element mesh for one of the
analysed beams is presented in Figure 7 along with
the idealised stress strain curve (Salmon et al. 2009)
for the steel adopted in the model.

R Ewn= (E/100)
|
\
‘ E = 200 GPa
c |
|
|

Strain

Figure 7. A typical finite element mesh of one of the analysed
beams (above) and steel idealised stress-strain curve adopted in
the finite element model (below).

To account for the effect of residual stress in the

numerical model, a self-equilibrating stress similar
to that described by Vila et al. (2004) is adopted in
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the numerical analysis. The residual stress distribu-
tion assumed over an I-section is shown in Figure 8.

Fy/3 Fy/3
[

+ |+
Fy/3 Fy/3

= = = =
" EiFy/S

by

T

N L Fy/3
1 +

] 2
Fy/3

= - - -
Fy/3 Fy/3
+ [+

Fy/3\; j
Figure 8. Assumed residual stress distribution over an I-
section.

3.2 Finite Element Model Verification

As a verification process for the numerical model,
the model is adopted to simulate previous experi-
mental results for beams which were conducted by
others (Lukey and Adams 1969, Sritawat and Nicho-
las 1975, Masahiro 1988, Kuhlmann 1989, and
Kemp 1996). Details of the tested beams adopted in
the verification process are listed Table 1. The re-
sults obtained numerically via the finite element
model well agree with those experimentally deter-
mined (Table 1). Full details of the finite element
model and its verification process are given else-
where (Mustafa 2011).

3.3 Numerical Verification of the Proposed
Equation

Results obtained for the nominal moment via the
proposed equation are compared to the nominal
moments obtained numerically using the finite ele-
ment model. A wide range of simply supported and
cantilevers I-section beams was considered in this
process with the previously mentioned two types of
steel grades (Mustafa 2011). Constant moments, tip
cantilever concentrated loads and uniformly distrib-
uted loads were considered in the analysis. Sample
of this comparative investigation is shown in Figure
9. Full details of the numerical investigation and its
results are presented elsewhere (Mustafa 2011).

Samples of the percentages of difference between
the results of the proposed equations, the data ob-
tained by following the ECP-LRFD provisions and
the outcomes of the numerical finite element model
analysis are also shown in Figure 9.

It is evident from Figure 9 that moment capacities
calculated by the proposed equation well match the
moment capacities obtained by the finite element
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analysis in all the three zones of beams’ behaviour
(elastic, elasto-plastic and fully plastic). Further-
more, the proposed equation outcomes and the re-
sults of the finite element analysis are almost identi-
cal to those obtained by the ECP-LRFD in the elastic
and fully plastic zones of beams’ behaviour. The
ECP-LRFD (2008) deviated by about 8% from the
finite element model results in the elasto-plastic
zone of beams’ behaviour. The same order of dif-
ference is recorded between the results of the pro-
posed equation an ECP-LRFD provisions. This be-
haviour was expected as the code of practice simply
assumes a linear transition between the elastic and
the plastic zones for the moment capacity in the elas-
to-plastic zone

Table 1. Comparison between experimental investigation re-
sults and the numerical model results.

No.* Geometric Data (mm) Fy L Mee/
D b tﬂ tw (MPa) (m) Mexp

1 360 160 15 81 250 32 098
2 200 190 15 9 250 126 0.90
3 240 120 13 83 250 162 1.03
4 320 180 17 106 250 1.63 0.91
5 240 200 20 135 250 201 112
6 200 124 12 86 250 3 0.94
7 260 150 12 7.72 250 6.1 1.02
8 260 150 12 772 250 305 1.05
9 260 150 12 7.72 250 366 1.06
10 260 150 12 772 250 244 1.02
11 248 125 45 3.2 330 15 093
12 248 125 45 32 330 2 1.06
13 248 125 45 32 330 285 1.05
14 300 150 45 3.2 330 165 091
15 300 150 4.7 34 330 1.8  1.02
16 300 150 4.7 34 330 24 093
17 300 150 4.7 34 330 335 1.05

18 200 150 4.7 34 330 1.8 0.92

19 200 150 47 34 330 2.4 1.10

" Series No. 1-2: Kemp 1996.
Series No. 3-4: Kuhlmann 1989.
Series No. 5-6: Lukey and Adams 1969.
Series No. 7-10: Sritawat and Nicholas 1975.
Series No. 11-19: Masahiro 1988.

4 REGRESSION ANALYSIS ON THE
PROPOSED EQUATION RESULTS

Finally, a regression analysis has been performed on
the results of the proposed equation to evaluate the
correlation coefficient Reode/eq. Detween these results
and the results of the ECP-LRFD (2008). Another
correlation coefficient Rrem/eq is also determined for
the results of the proposed equation and those ob-
tained from the numerical finite element analysis.
These correlation coefficient are given by
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Figure 9. Samples of the nominal moments for I-sections
beams obtained via the proposed equation, the ECP-LRFD
(2008) provision and the numerical finite element model.

For Reode/eq., St is the total sum of the squares of
the residuals between the nominal moments obtained
using the ECP-LRFD (2008) provisions and their
mean value while S; is sum of the squares of the re-
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siduals between the nominal moments obtained us-
ing the code provisions and those obtained using the
proposed equation. On the other hand, for Rrem eq.,
St is the total sum of the squares of the residuals be-
tween the nominal moments obtained using the finite
element model and their mean value while S; is sum
of the squares of the residuals between the nominal
moments obtained using the finite element model
and those obtained using the proposed equation.

Full details of the regression analysis are present-
ed by Mustafa 2011. The analysis reveals an excel-
lent correlation coefficient between the data of the
proposed equation and both the ECP-LRFD (2008)
provisions or the numerical analysis outcomes. In
both cases, the correlation coefficient was found to
be greater than 0.98.

5 CONCLUSIONS

A simple equation is proposed for the design of steel
I-beams. The performed investigation reveals that
the outcomes obtained by the proposed equation
well agree with the results of the ECP-LRFD (2008),
AISC (2010) and CAN/CSA S16-09. The outcomes
of the proposed equation also match the results of a
nonlinear numerical analysis which is performed us-
ing the finite element technique. The acceptable dif-
ference in results between the proposed equation and
the codes of practices ranges between 5% and 9%
and it is localized in the elasto-plastic zone of
beams’ behaviour.
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